ABSTRACT
INTRODUCTION
The exploration of complex datasets, for which no or very little information about the underlying distribution is available, fundamentally relies on the identification of 'natural' group structures in the data, a task which may be tackled using clustering techniques (Duda et al., 2001; Everitt, 1993; Hastie et al., 2001; Jain et al., 1999) . A cluster analysis can be seen as a three step process as outlined in Figure 1 . Cluster validation techniques (Dubes and Jain, 1979) are clearly essential tools within this process, and their frequent neglect in the post-genomic literature hampers progress in the field. In particular, this is of concern in two areas:
• Algorithm development. Many novel clustering algorithms are insufficiently evaluated, such that users remain unaware of their relative strengths and weaknesses. A more thorough use The three main steps involved in a cluster analysis. The first of these involves a number of data transformations including feature selection, normalization and the choice of a distance function, to ensure that related data items cluster together in the data space. The second step consists of the selection, parameterization and application of one or several clustering methods. The resulting partitionings are evaluated in the third step, and it is at this stage that cluster-validation techniques are needed. The results of a cluster analysis may be crucially affected by the choices made in the first two steps, and information on the quality of the partitioning can (and should) therefore be used to revise these choices.
of quantitative, reproducible and objective cluster-validation techniques would permit one to alleviate this uncertainty, thus assisting the distinction between more and less useful methods, and encouraging the acceptance of novel advanced clustering techniques.
• Verification of results. Most current clustering algorithms do not provide estimates of the significance of the results returned. The verification of clustering results is therefore often based on a manual, lengthy and subjective exploration process. Cluster-validation techniques have the potential to provide an analytical assessment of the amount and type of structure captured by a partitioning, and should therefore be a key tool in the interpretation of clustering results.
The aim of this review paper is to explain and to encourage the use of cluster-validation techniques in the analysis of post-genomic and other data. In particular, the paper attempts to familiarize researchers with some of the fundamental concepts behind clustervalidation techniques, and to assist them in making more informed choices of the measures to be used. The remainder of this paper is structured as follows. Section 2 provides a summary of essential background information. The different types of validation techniques are reviewed in Section 3, followed by a discussion of some of their fundamental biases and problems (Section 4). Section 5 attempts to give some guidelines regarding the effective use of validation techniques, and Section 6 demonstrates their use on a gene expression dataset. Finally, the conclusion is given in Section 7.
BACKGROUND

Clustering
Traditional classifications of clustering algorithms (Duda et al., 2001; Everitt, 1993; Hastie et al., 2001; Jain et al., 1999) primarily distinguish between hierarchical, partitioning and density-based methods. Here, a somewhat different categorization is used, based on the clustering criterion (implicitly or explicitly) optimized by each algorithm. This permits a better appreciation of the connections between clustering algorithms and cluster-validation techniques. Capturing the intuitive notion of a cluster by means of any explicit, formal definition is one of the fundamental difficulties of clustering (Estivill-Castro, 2002) . There are several valid properties that may be ascribed to a good partitioning, but these are partly in conflict and are generally difficult to express in terms of objective functions. Despite this, existing clustering criteria/algorithms do fit broadly into three fundamental categories:
• Compactness. This concept is generally implemented by keeping the intra-cluster variation small. This category includes algorithms like k-means (MacQueen, 1967) , average-link agglomerative clustering (Vorhees, 1985) , self-organizing maps (SOMs) (Kohonen, 2001) or model-based clustering approaches (McLachlan and Krishman, 1997) . The resulting methods tend to be very effective for spherical or well-separated clusters, but they may fail to detect more complicated cluster structures (Duda et al., 2001; Everitt, 1993; Hastie et al., 2001; Jain et al., 1999) .
• Connectedness. This is a more local concept of clustering based on the idea that neighbouring data items should share the same cluster. Algorithms implementing this principle are densitybased methods (Ankerst et al., 1999; Ester et al., 1996) and methods such as single-link agglomerative clustering (Vorhees, 1985) . They are well-suited for the detection of arbitrarily shaped clusters, but can lack robustness when there is little spatial separation between the clusters.
• Spatial separation. Spatial separation on its own is a criterion that gives little guidance during the clustering process and can easily lead to trivial solutions. It is therefore usually combined with other objectives, most notably measures of compactness or balance of cluster sizes. The resulting clustering and spatial separation (C), respectively. Clearly, connectedness and spatial separation are related (albeit opposite) concepts. In principle, the cluster structure in the datasets B and C can be identified by a clustering algorithm based on either connectedness or on spatial separation, but not by one based on compactness.
objectives can be tackled by general-purpose meta-heuristics such as simulated annealing, tabu search and evolutionary algorithms (Bandyopadhyay and Manlik, 2001; Rayward-Smith et al., 1996) .
Each of these categories is illustrated in Figure 2 .
Clustering in post-genomic data analysis
Unsupervised classification has many applications in post-genomics. In particular, clustering plays a crucial role in the analysis of geneexpression data (Eisen, 1998; Golub et al., 1999; Quackenbush, 2001; Slonim, 2002) . Clustering can also be applied directly to sequence the data, for example to group genes based on shared cisregulatory regions (Bilu and Linial, 2002) . It serves as a data-mining tool to analyse both proteomics and metabolomics data (Goodacre et al., 1998) , and can be applied in the context of protein comparison and structure prediction (Kaplan et al., 2004; Krasnogor and Pelta, 2004) . Recently, there have been numerous advances in the development of improved clustering techniques for postgenomic data analysis. Prominent examples include biclustering techniques (Madeira and Oliveira, 2004) and gene shaving (Hastie et al., 2000) , which have both been specifically designed to deal with the particular challenges posed by gene expression data. Despite such advances, traditional clustering techniques such as hierarchical clustering algorithms (Eisen, 1998) , k-means (Tavazoie et al., 1999) , fuzzy c-means (Gasch and Eisen, 2002) , finite mixture models (Yeung et al., 2001b) and SOMs (Tamayo et al., 1999) remain the predominant methods in post-genomics-a fact that is arguably more owing to their conceptual simplicity and their wide availability in standard software packages than to their intrinsic merits.
The need for cluster-validation measures in post-genomic data analysis
While cluster analyses are, potentially, a tool to speed up and semiautomate data processing, the majority of cluster analyses carried out on post-genomic data to date are quite far from this end. This is partly owing to the difficulties of the data tackled. Post-genomic data are typically high-dimensional, contain many more variables than samples, have high levels of noise and may have multiple missing values; these properties pose problems to many traditional clustering methods and makes the cluster analysis very challenging. However, there is hardly any consensus on the best distance function, clustering method or method of feature selection to be used for the different types of post-genomic data. As a consequence, it is common practice among researchers to employ a variety of different clustering techniques to analyse a dataset, and to use visual inspection and prior biological knowledge to select what is considered the most 'appropriate' result. Clearly, this process of data analysis is highly subjective, and may be a dangerous endeavour. In particular, researchers may unwittingly overrate clusters that reinforce their own assumptions, and ignore surprising or contradictory results. This is, of course, counterproductive to the unspoken aim of unsupervised classification, which is to identify surprising or unexpected patterns in the data that may then serve for hypothesis generation (Kell and Oliver, 2004) . Most importantly, while the use of prior biological knowledge and assumptions may be necessary and important in the final interpretation of a cluster analysis, it is not an acceptable means of replacing an unsupervised validation step, in which the significance of individual clusters in terms of the underlying data distribution is verified. The fact that a validation step is needed follows from the following two issues that arise when using clustering algorithms:
• Bias of clustering algorithms towards particular cluster properties. Clustering algorithms are biased towards partitions that are in accordance with their own clustering criterion. This is at the bottom of the fundamental discrepancies observable between the solutions produced by different algorithms.
• Non-significance of results in the absence of natural clusters.
Unsupervised classification relies on the existence of a distinct structure within the data. However, most clustering algorithms return a clustering even in the absence of actual structure, leaving it to the user to detect the lack of significance of the results returned.
Either of the above may lead to a lack of compliance between a partitioning and the underlying data distribution, a situation which can be detected using computational cluster-validation techniques.
SURVEY OF CLUSTERING-VALIDATION TECHNIQUES
The data-mining literature provides a range of different validation techniques, with the main line of distinction between external and internal validation measures (Halkidi et al., 2001) . These two groups of techniques differ fundamentally in their focuses, and find application in distinct experimental settings. External validation measures comprise all those methods that evaluate a clustering result based on the knowledge of the correct class labels. Evidently, this is useful to permit an entirely objective evaluation and comparison of clustering algorithms on benchmark data, for which the class labels are known to correspond to true cluster structure. In cases where no class labelling is available, or the available labels are dubious, an evaluation based on internal validation measures becomes appropriate. Internal validation techniques do not use additional knowledge in the form of class labels, but base their quality estimate on the information intrinsic to the data alone. Specifically, they attempt to measure how well a given partitioning corresponds to the natural cluster structure of the data.
The following survey of validation techniques is limited to those for crisp partitionings, that is, partitions in which each data item is assigned exactly one label (cf., for example, Pal and Bezdek, 1995 for more information regarding the evaluation of fuzzy partitionings).
Mathematical definitions for selected validation techniques are provided in the Supplementary Material.
External measures
3.1.1 Type 1: Unary measures Standard external evaluation measures take a single clustering result as the input, and compare it with a known set of class labels (the 'ground truth' or 'gold standard') to assess the degree of consensus between the two. Traditionally, the gold standard would be complete and unique, in the sense that exactly one class label is provided for every data item, and that the label is unequivocally defined. A partitioning can then be evaluated both with regard to the purity of individual clusters and the completeness of clusters. Here, purity denotes the fraction of the cluster taken up by its predominant class label, whereas completeness denotes the fraction of items in this predominant class that is grouped in the cluster at hand. Clearly, both these aspects provide a limited amount of information only, and trivial solutions for both of them exist such as a partitioning consisting of singleton clusters (scoring maximally under purity), and a one-cluster solution (scoring maximally under completeness). In order to obtain an objective assessment of a partition's accordance with the gold standard, it is therefore important to take both purity and completeness into account. Comprehensive measures like the F -measure (see Supplementary Material) (van Rijsbergen, 1979 ) provide a principled way to evaluate both of these and are therefore preferable over simpler techniques.
Note that techniques like the F -measure provide a means to assess the quality of a clustering result at the level of the entire partitioning, and not for individual clusters only. In principle, such measures can also be adapted for use with a 'partial labelling' (i.e. for use in a setting where only incomplete labelling information is availablesuch as functional annotation for a fraction of genes in a microarray experiment) by applying the measure to the labelled data and their respective cluster assignments only. This can provide a more comprehensive way of assessing clustering quality than does the computation of corrected significance levels of the 'enrichment' (Gat-Viks et al., 2003; Tavazoie et al., 1999; Toronen, 2004) of individual selected clusters.
Type 2: Binary measures
In addition to measures based on purity and completeness, the data-mining literature also provides a number of indices, which assess the consensus between a partitioning and the gold standard based on the contingency table of the pairwise assignment of data items. Most of these indices are symmetric, and are therefore equally well-suited for the use as binary measures, that is, for assessing the similarity of two different clustering results.
Probably the best known such index is the Rand Index (see Supplementary Material) (Rand, 1971) , which determines the similarity between two partitions as a function of positive and negative agreements in pairwise cluster assignments. A number of variations of the Rand Index exist, in particular the adjusted Rand Index (Hubert, 1985) , which introduces a statistically induced normalization in order to yield values close to zero for random partitions. Another related index is the Jaccard coefficient (Jaccard, 1908), which applies a somewhat stricter definition of correspondence in which only positive agreements are rewarded. Note that not all indices based on contingency tables are symmetric. The Minkowski Score (see Supplementary Material) (Jardine and Sibson, 1971) , for example, is
for two partitionings U and V ] and therefore less suited for assessing the similarity between clustering results.
Internal measures
Internal measures take a clustering and the underlying dataset as the input, and use information intrinsic to the data to assess the quality of the clustering. Using the same categorization as for clustering methods (see Section 2.1), the first three types of internal measures can be grouped according to the particular notion of clustering quality that they employ.
Type 1:
Compactness A first group comprises validation measures assessing cluster compactness or homogeneity, with intracluster variance (see Supplementary Material) (also sum-of-squarederrors minimum variance criterion, the measure locally optimized by the k-means algorithm) as their most popular representative. Numerous variants of measuring intra-cluster homogeneity are possible such as the assessment of average or maximum pairwise intra-cluster distances, average or maximum centroid-based similarities or the use of graph-based approaches (Bezdek and Pal, 1998) .
Type 2: Connectedness
The second type of internal validation technique attempts to assess how well a given partitioning agrees with the concept of connectedness, i.e. to what degree a partitioning observes local densities and groups data items together with their nearest neighbours in the data space. Representatives include k-nearest neighbour consistency (Ding and He, 2004) and connectivity (see Supplementary Material) (Handl and Knowles, 2005) , which both count violations of nearest neighbour relationships.
Type 3: Separation
The third group includes all those measures that quantify the degree of separation between individual clusters. For example, an overall rating for a partitioning can be defined as the average weighted inter-cluster distance, where the distance between individual clusters can be computed as the distance between cluster centroids, or as the minimum distance between data items belonging to different clusters. Alternatively, cluster separation in a partitioning may, for example, be assessed as the minimum separation observed between individual clusters in the partitioning.
Type 4: Combinations
The literature provides a number of enhanced approaches that combine measures of the above different types. In this respect, combinations of type one and type three are particularly popular, as the two classes of measures exhibit opposing trends: while intra-cluster homogeneity improves with an increasing number of clusters, the distance between clusters tends to deteriorate. Several techniques therefore assess both intra-cluster homogeneity and inter-cluster separation, and compute a final score as the linear or non-linear combination of the two measures. An example of a linear combination is the SD-validity Index (see Supplementary Material) (Halkidi et al., 2001) ; 2 well-known examples of non-linear combinations are the Dunn Index (see Supplementary Material) (Dunn, 1974) , Dunn-like Indices (Bezdek and Pal, 1998) , the Davies-Bouldin Index (Davies and Bouldin, 1979) or the Silhouette Width (see Supplementary Material) (Rousseeuw, 1987) . . In both cases, the solutions on lines/curves closer to the origin are rated higher (c is smaller). A possible Pareto front, that is, the set of solutions that are Pareto optimal with respect to the two objectives, is shown as a dashed line. It can be seen that in both cases Solution A scores best under c, while all other Pareto optimal solutions are overlooked.
While the above methods are relatively popular, the linear or nonlinear combination of the measures inevitably results in a certain information loss (Fig. 3) , and can therefore lead to incorrect conclusions. An alternative and more principled way of evaluating N measures simultaneously is the evaluation of the resulting N-tuples with respect to Pareto optimality (Pareto, 1971) : a clustering result is judged to dominate (be superior to) another partitioning, if it is equal or better under all measures, and is strictly better under at least one measure. A recent study using Pareto optimality for clustering and validation with regard to a type one and a type two measure can be found in Handl and Knowles, 2005. 3.2.5 Type 5: predictive power/stability Validation techniques assessing the predictive power or stability of a partitioning form a special class of internal validation measures. They are clearly not external since they do not make use of label information. However, they are quite different from traditional internal measures in that their use requires additional access to the clustering algorithm. Measures of this type repeatedly re-sample or perturb the original dataset, and re-cluster the resulting data. The consistency of the corresponding results provides an estimate of the significance of the clusters obtained from the original dataset.
The methods described in (Ben-Hur et al., 2002 , http://psb.stanford. edu/psb-online/; Bittner et al., 2000; Breckenridge, 1989; Fridlyand and Dudoit, 2001 , http://www. stat.berkeley.edu/sandrine/tecrep/600. pdf; Kerr and Churchill, 2001; Lange et al., 2004; Levine and Domany, 2001; Li and Wong, 2001; McShane et al., 2002; Tibshirani et al., 2001a , http://www-stat.stanford.edu/tibs/ftp/predstr.ps) employ the concept of self-consistency, that is, the idea that a clustering algorithm should produce consistent results when applied to data sampled from the same source. In order to assess the degree of stability of a partitioning, several papers (Ben-Hur et al., 2002; Levine and Domany, 2001 ) repeatedly draw overlapping subsamples of the same dataset (the individual subsamples are drawn without replacement). Each subsample is clustered individually, and the resulting partitions are compared by applying an external validation index to the partial partitions obtained for the overlapping shared set of points. A slightly different approach has been taken in (Breckenridge, 1989; Fridlyand and Dudoit, 2001; Lange et al., 2004; Tibshirani et al., 2001a) . Here the data are split repeatedly into a training and a test set (typically of equal size and with no overlap), and both sets are clustered. The partitioning on the training set is then employed to derive a classifier to predict all class labels for the test set. The disagreement between the prediction and the partitioning on the test set can then be computed using an external binary validation index. Obviously, the classifier used for prediction has a significant impact on the performance of this method and should comply with the modelling assumptions made by the clustering algorithm. Lange et al. (2004) recommend the use of a nearest-neighbour classifier for single link, and of centroid-based classifiers for algorithms such as k-means that assume spherically shaped clusters. Finally, the stability of a clustering result can also be assessed by comparing the partitions obtained for perturbed data (Bittner et al., 2000; Kerr and Churchill, 2001; Li and Wong, 2001) . For this purpose, a number of bootstrap datasets are generated from the original data: using a simple error model (Bittner et al., 2000) or more advanced methods such as ANOVA (Kerr and Churchill, 2001 ), a noise component is added to each data item. The resulting datasets (in which data items are slightly perturbed with respect to their original position) are subjected to a cluster analysis. The partitions obtained can then be directly compared using external binary indices (i.e. by comparing the cluster assignments for data vectors derived from the same original data point).
Type 6: Compliance between a partitioning and distance information
An alternative way of assessing clustering quality is to estimate directly the degree to which distance information in the original data is preserved in a partitioning. For this purpose, a partitioning is represented by means of its cophenetic matrix C (Romesburg, 1984) , where C is a symmetric matrix of size N × N and N is the size of the dataset. In a crisp partitioning, the cophenetic matrix contains only zeros and ones, with each entry C(i, j) indicating whether the two elements i and j have been assigned to the same cluster or not. For the evaluation of a hierarchical clustering, the cophenetic matrix can also be constructed to reflect the structure of the dendrogram. Here, an entry C(i, j) represents the level within the dendrogram at which the two data items i and j are first assigned to the same cluster.
The cophenetic matrix can then be compared to the original dissimilarity matrix using Hubert's Statistic (essentially the dot-product between the two matrices), the Normalized Statistic, or a measure of correlation such as the Pearson correlation (Edwards, 1967) (in cases where the prime emphasis is on the preservation of absolute distance values) or the Spearman rank correlation (Lehmann and D'Abrera, 1998) (in cases where the prime emphasis is on the preservation of distance orderings). The correlation between the two matrices is commonly referred to as cophenetic correlation, matrix correlation or standardized Mantel Statistic (Halkidi et al., 2001) . As an aside, cophenetic correlation can also be used as a binary index to assess the preservation of distances under different distance functions and within different feature spaces, or to compare the dendrograms obtained for different algorithms.
Type 7: Specialized measures for highly correlated data
This last category of internal validation measures includes a number of techniques that explicitly exploit redundancies and correlations such as those inherent to post-genomic data. The first of these, the figure of merit (Yeung et al., 2001a) , is motivated by the jacknife (Efron and Tibshirani, 1993) approach. For a dataset with D features, the figure of merit of Yeung et al. (2001) requires the computation of D partitions, each of them based on only D − 1 out of the D features. For each partitioning, its figure of merit is then computed as the average intra-cluster variance within the unused feature, and the aggregation of these values provides an estimate of the overall performance of the algorithm. Datta and Datta (2003) extend this approach to the computation of a figure of merit by means of different internal validity indices-specifically, one measure of pairwise co-assignment, one of cluster separation and one of cluster compactness.
The second approach, overabundance analysis (Ben-Dor et al., 2002, http://www.cs.huji.ac.il/nirf/Abstracts/BFY2Full.html; Bittner et al., 2000) assesses the frequency of discriminatory variables for a given partitioning, that is, it identifies those variables that show significant differences between the identified clusters. The observed frequencies are compared with a null-model to assess the significance of the partitioning.
Clearly, both of the above approaches are only applicable to datasets with correlated (dependent) variables, but this is likely to be true for most types of post-genomic data (such as gene expression data and protein and metabolome profiles).
Number of clusters
Most of the internal measures discussed above can be used to estimate the number of clusters in a dataset, which usually involves the computation of clustering results for a range of different numbers of clusters, and the subsequent plot of the performance under the internal measure as a function of the number of clusters. If both the clustering algorithm employed and the internal measure are adequate for the dataset under consideration, the best number of clusters can often be identified as a 'knee' in the resulting performance curve. See, e.g., the Gap Statistic (Tibshirani et al., 2001b) for a formalized approach. This type of use in model selection has been the most common application of internal validation measures in bioinformatics (Bolshakova and Azuaje, 2003; Bolshakova et al., 2005; Fridlyand and Dudoit, 2001; Lange et al., 2004; Tibshirani et al., 2001b ), yet, their more broad applicability in the validation of cluster quality has been frequently neglected.
Statistical tests of clustering tendency
The previous sections have been concerned with the validation of a clustering result obtained on a given dataset. However, when in doubt about the quality of a raw dataset, it may be useful to apply statistical tests to examine the clustering tendency of the data prior to conducting a cluster analysis (McShane et al., 2002) . For this purpose, the distribution of nearest neighbour distances can be examined, and compared with that under a suitable null model. However, the sparseness of data in high dimensions may lead to instabilities, and it is therefore recommended to apply this type of test to low-dimensional data only. An example is provided by McShane et al. (2002) , where the data are subjected to a principal components analysis and projected to the first three principal components. The principal components can further be used to generate an appropriate null model, in the above case a three-dimensional Gaussian distribution with means and standard deviations in each dimension estimated from the original data. Fig. 4 . Two-dimensional datasets 'Long' and 'Square', both generated from Normal Distributions. Square contains four clusters with strong overlap that are difficult to detect for algorithms and measures based on connectivity or spatial separation. Long contains two elongated clusters that are difficult to detect for algorithms and measures based on compactness. Note that these two datasets are simplistic and have been selected for demonstration purposes only. While, for these particular data, the problems on Long could be overcome by normalization, it is realistic to assume that this may not always be possible for real datasets (which usually contain several differently shaped clusters).
MEASURE-SPECIFIC BIASES
In the following section, some of the major factors affecting certain validation techniques are discussed, and are demonstrated on two exemplary two-dimensional datasets (shown in Fig. 4 ). For the purpose of this study, several advanced techniques are selected from the categories described above. These are the F -measure (takes values in [0,1], to be maximized), the adjusted Rand Index (takes values in [0,1], to be maximized), variance (to be minimized), connectivity (to me minimized), Silhouette Width (takes values in [−1,1], to be maximized), the Dunn Index (to be maximized) and a stability-based method (takes values in [0,1], to be maximized). Experiments are conducted using five different clustering algorithms namely the partitioning method k-means, SOM, the self-organizing tree algorithm (SOTA) and two agglomerative hierarchical algorithms based on the linkage criteria of single link and average link, respectively. Enlarged colour plots and implementation details for the individual measures and algorithms are provided in the Supplementary Material.
Biases of external measures
External validation techniques suffer from biases with respect to the number of clusters, the distribution of cluster sizes and the distribution of class sizes in a partitioning (Halkidi et al., 2001; Hubert, 1985) . For example, the completeness of a cluster trivially obtains the maximum possible value of 1 for a one-cluster partitioning and tends to decrease with an increasing number of clusters. On a different line, the F -measure and the Rand Index tend to be overly optimistic in situations where relatively small clusters have been overlooked.
These unwanted effects can be alleviated through normalization by the results expected for random data. The adjusted measure E a is obtained as E a = (E − E e )/(E m − E e ), where E e is the expected value for random data and E m is the maximum attainable value of the index. Ideally, this adjusted index E a will then be limited to the interval [0,1]. Most commonly, this procedure has been applied to the Rand Index for which the expected value (and thus the adjusted Rand Index) can be computed by exact statistical methods (Hubert, 1985) . However, the use of normalization is generally useful for any external measure. In cases where the expected value cannot be 2. However, this conceals the fact that for this cluster number all five algorithms have equally failed to identify the correct cluster structure on Long. While k-means, SOM and SOTA have split both clusters in the middle (minimizing variance), both agglomerative clustering algorithms have isolated outliers in one cluster and merged the bulk of the data in the second cluster (see Fig. 6 ). Only for k ≥ 5 does single link succeed in separating the two core clusters. However, the poor performance of all five algorithms for k = 2 becomes evident in the plot of the adjusted F -measure. In general, the normalization may not only correct the estimated absolute degree of quality, but may also correct the ordering between the solutions obtained for different numbers of clusters (e.g. average link for k = 2 and k = 10) or for different algorithms (e.g. average link and k-means for k = 9). statistically derived, it can be approximated using Monte Carlo simulation. For a given partition, a number of 'random partitions' are generated, which agree with the original partition in the number of clusters, the distribution of cluster sizes and the distribution of class sizes. Each of these partitions is evaluated under the validation measure considered, and the average value is taken as an approximation of the expected value E e . The required random partitionings may simply be obtained by permuting the cluster labels in the original partitioning.
This normalization of external indices is crucial to obtain an objective picture of the real, absolute and relative performance of an algorithm. Figure 5 illustrates the degree to which the values returned by the F -measure can be misleading, if un-normalized. In order to facilitate the interpretation of these performance curves, a selection of the actual clustering results is shown in Figure 6. 
Biases of internal measures
Just like external measures, most internal measures suffer from biases with regard to the number of clusters. More importantly, internal measures may additionally exhibit biases with regard to the shape of the underlying data manifold and the structure of a partitioning. Some of these biases can be detected through a comparison with the results expected for random data. Computation of the expected value I e for an internal measure I can be done by Monte Carlo simulation: a number of random control datasets are generated under an appropriate null model. They are then clustered (using the same clustering algorithm as applied to the original data) and the resulting partitions are evaluated under I . The average value obtained is taken as an approximation of the expected value I e . Importantly, different possibilities for the choice of the null model exist, and the specific model used may have a crucial impact on the final outcome (Gordon, 1999) . The main lines of distinction are between data-independent null models (e.g. a Poisson model or a Unimodal model) and data-influenced null models (e.g. an ellipsoidal model) (Gordon, 1999) . The success of this technique strongly depends on the ability of the null model employed to capture the shape of the data manifold. Yet, it may help to detect those biases that result from a change in the number of clusters or the shape of the underlying data distribution.
The biases of internal measures are illustrated in Figure 7 , where the application of several internal measures on the Long dataset is shown. The results obtained by different measures are only partially consistent, which is owing to several factors. First, for most internal measures that assess cluster compactness or ratios of inter-cluster and intra-cluster distances, the shape of the data manifold in this dataset introduces a bias towards a vertical split. This bias could be identified through the comparison with the results for uniformly random control data. Second, the classification of outliers in their own clusters can have a significant impact on the final result of a performance measure, in particular, if minimum or maximum pairwise distances are taken into account (this is the case for the Dunn Index). This problem can only to a certain degree be tackled by the elimination of outliers prior to clustering. Third, more fundamentally, k-means, SOM, SOTA and average link strive for spherically shaped compact clusters and are likely to perform reasonably well under the Silhouette Width even without the discovery of any cluster structure. Fourth, the clusters in the dataset are elongated and the correct partitioning therefore does not score highly under the Silhouette Width (or any other measure based on cluster compactness). For this reason the good performance of single link for k ≥ 5 is not manifested in the plot of the Silhouette Width.
While underlining the benefits of the comparison with a null model, the above example also makes clear that such a step cannot entirely remove the biases of a measure with regard to particular cluster structures. Owing to the conflict between the assumptions of the Silhouette Width and the real cluster structure, it is impossible to identify the correct number of clusters for single link in the Silhouette plot. The results under variance and connectivity contain clues as to the best clustering solution, but the results are largely dominated by the measures' biases towards particular algorithms, making it hard to arrive at the correct conclusion. In the plot of variance for single link, the approximation of the correct solution (for k = 5) manifests itself in a small 'knee'-yet, the objective values obtained by k-means, SOM, SOTA and average link are far better. Simultaneously, single link Fig. 7 . Illustration of the biases of internal validation measures. A simple null model is used: the random control data have been generated from a uniform random distribution within the bounds of the original data. Shown are the results for k-means, SOM, SOTA, average link and single link on the Long dataset under (top left) the Silhouette Width, (top right) the Dunn Index, (bottom left) variance, and (bottom right) connectivity (averages over 21 runs) on the original data and uniformly random control data. The performance curves obtained for both original and uniformly random control data are plotted to permit visual comparison. Considering the Silhouette Widths only, the plot for the original data seems to indicate that k = 2 yields a good partitioning for all five algorithms, with the agglomerative algorithms being the best performers. Moreover, single link is assessed to perform worse than all other methods for all k ≥ 5, a result that stands in obvious contrast to its true performance as verified by the adjusted F -measure (see Fig. 5 ). Only a comparison with the values obtained for random control data reveals that, for k = 2 and k = 3, k-means, SOM, SOTA and average link do in fact perform worse than for random data. In comparison with its performance on random control data, single link seems to perform well, but it is not possible to derive the correct number of clusters from the plot (there is no peak at k = 5). Interpretation of the other three measures is given in the text.
largely outperforms k-means, SOM, SOTA and average link under connectivity, and its best solution manifests itself in a weak plateau in the performance curve-yet, connectivity is clearly strongly biased towards single link, and may not be trustworthy. Without additional knowledge, it will not be clear as to which algorithm and solution to choose.
The above data demonstrates the difficulty of selecting one internal validation measure that permits the objective quantification of a range of conceptually different algorithms. Both clustering algorithms and internal validation measures are based on certain assumptions about the cluster structure, which results in biases of measures with regard to specific algorithms (owing to shared underlying assumptions). An understanding of these biases is therefore crucial to ensure a valid assessment of clustering results by means of internal measures. In particular, it is essential to comprehend the working principles of the algorithms and the evaluation measures used and to select a combination of measures and algorithms that permits one to draw meaningful conclusions.
Complementary validation measures
Evidently, type-4-validation techniques like the Silhouette Width constitute an attempt to combine measures and thereby reduce their individual biases. However, as outlined in Section 3.2.4, these existing methods are restricted to one fixed (linear or non-linear) combination of the two measures and may therefore still exhibit strong biases towards one or the other measure (as seen in the previous example). A more rigorous approach is the independent use of two or three complementary measures and the subsequent visualization of solutions in two-or three-objective space. In principle, such plots can be generated for any pair of measures, but they are particularly useful for the visualization of the results obtained using conflicting measures such as compactness versus separation, or compactness versus connectivity. Figure 8 demonstrates this approach using the measures of variance and connectivity.
This visualization has several advantages over traditional performance curves. First, it allows one to summarize information regarding the algorithms' performance under both internal validity measures. Second, the set of solutions returned by the different algorithms can be automatically reduced using the concept of Pareto optimality, and all Pareto optimal solutions can be identified. Third, it clearly demonstrates the behaviour of the different algorithms with respect to the two objectives. Figure 8 reveals both single link's tendency to isolate singleton clusters (reflected in the lack of improvement in variance) and k-means' tendency to partition the data into equally sized chunks without consideration of the underlying data distribution (reflected in the quick deterioration in connectivity). Moreover, the best solution-generated by single link for k = 5-is identifiable here.
Biases of stability-based techniques
Stability-based techniques employ a less stringent definition of clustering quality than do traditional internal validation techniques and, therefore, do not suffer from the same biases towards particular algorithms. However, while being reliable indicators of clustering quality in many cases, stability-based techniques may also be misleading under certain circumstances. This predominantly concerns their application to datasets in which the shape of the data manifold causes a given clustering algorithm to converge reliably to certain suboptimal solutions. Under such conditions a clustering may appear stable under re-sampling/perturbation, while not corresponding to the real structure of the dataset. Figure 9 demonstrates these issues on the Long and Square dataset. Further issues with stability-based techniques have been pointed out in (Breckenridge, 2000; Krieger and Green, 1999) . Fig. 8 . Illustration of the solution visualization in two-objective space. Shown are the solutions (averages over 21 runs) for k-means, SOM, SOTA, average link and single link on the Long dataset in a plot of connectivity versus variance (both to be minimized). The set of solutions returned by each clustering algorithm is summarized by an attainment surface (Fonseca and Fleming, 1996) , which is the boundary in objective space that separates the region dominated by the attained solutions from the region that is not dominated. Owing to the trends of the two objectives (variance decreases for a higher number of clusters, while connectivity increases), the number of clusters in the solutions generally increases from the top left to the bottom right. The correct number of clusters for a given algorithm is expected to show as a strong 'knee' in its attainment front. This is because for the correct number of clusters we expect a relatively large drop in variance at little additional cost in connectivity. In the above plot, a clear 'knee' can be observed for single link at k = 5. Fig. 9 . Stability-based analysis (averages over 21 runs) for (left) the Long and (right) the Square dataset. On Long, the stability-based method is evidently able to estimate the presence of a good single link clustering solution for k ≥ 5 (the stability plot peaks at k = 6), and the absence of good SOM and average link solutions (no significant peak in the stability plot). Yet, the results obtained for k-means, SOM and SOTA are disconcerting. For k-means, the stability-based analysis pinpoints a highly stable six-cluster solution. Further analysis shows that this solution is stable only due to k-means' tendency to converge to spherically shaped clusters, and is in fact highly sub-optimal (see Fig. 6 ). For SOM and SOTA, the stability-based analysis pinpoints a stable four-cluster solution for the random control data. For Square, where k-means, SOM, SOTA and average link perform comparably well (data not shown), the stability-based analysis correctly identifies the four-cluster solution for average link, k-means, SOM and SOTA (the stability plots for all four algorithms peak at k = 4). However, a comparison with the control curves reveals that, for k-means, SOM and SOTA, a four cluster solution is recommended with comparable confidence for uniformly random data. This shows that the conspicuous stability peak obtained for k-means, SOM and SOTA on the Square data is mainly an artefact of the square shape of the underlying data manifold.
GUIDELINES FOR EFFECTIVE CLUSTER VALIDATION
In the previous section, the strengths and weaknesses of different validation techniques have been discussed. Two sample datasets were used to demonstrate that the results returned by individual validation techniques can be biased and misleading under certain circumstances, but also that there exist means of detecting several of these biases. Ultimately, despite their imperfections, validation measures do provide significant amounts of information that cannot be obtained using visual inspection alone. Different and complementary validation tools exist, and the use of a set of such tools can minimize the risk of misinterpreting results, and thereby maximize confidence in the results obtained. Cluster analysis is a complicated interactive process, which makes it impossible to provide an entirely clear-cut prescription on how to do clustering or to perform cluster validation. In general, the experimental set-up should fundamentally differ depending on the primary aim of a study. Cluster validation aimed at the evaluation of a novel algorithm or the comparison of several algorithms should be quite different to the type of cluster validation used during the analysis of a novel biological dataset. This section attempts to give some general guidelines on the conduct of an effective cluster validation in both scenarios.
Cluster validation for the evaluation/comparison of algorithms
When evaluating algorithms, the choice of datasets is a primary issue. Certainly, several datasets should be used, not just one-especially not only the dataset the algorithm was initially developed on. It is fundamental to appreciate that algorithms make different assumptions about the cluster structures, and are, consequently, more or less suited for particular datasets: no single algorithm can therefore be expected to perform well for all types of data (Gordon, 1999) . Thus, the aim of any evaluation study should not be to show that a particular algorithm is the best overall, but to show what the particular strengths and weaknesses of a given algorithm are. For this purpose, it is important to test on benchmarks with interesting known data properties. In this scenario, two types of questions are then of interest, which are both essential to understand fully the outcome of an experiment.
• How well does the algorithm perform on a given dataset? On benchmarks, this type of question can be objectively answered using external cluster validation. 
Cluster validation for a novel dataset
When clustering a novel biological dataset, cluster validation plays a very different role. A completely objective validation of cluster quality is usually impossible in such a case, but the use of cluster validation at different steps during the clustering process can help to improve the quality of results, and increase the confidence in the final result. Cluster analysis usually involves a first exploratory step, where the data are visualized (projected) to two-or three-dimensions (using methods such as principal components analysis or multidimensional scaling) in order to check for clustering tendencies. At this stage, a statistical test of clustering tendency (see Section 3.4) may help to quantify the visual impressions obtained.
No entirely reliable method exists to identify the number of clusters in a dataset, and the choice of the best number of clusters may well depend on the clustering method used. A cluster analysis should therefore always be performed for a (sensible) range of different numbers of clusters. Access to such a sequence of solutions is essential to understand the operation of a clustering algorithm and to identify trends in the data.
The core cluster analysis should preferably be conducted using several conceptually distinct clustering algorithms, i.e. algorithms that are not biased towards the same type of clusters. Binary external indices can then be used to quantify analytically the similarity between clustering results (including those with different numbers of clusters). If conceptually different algorithms generate highly similar partitions, this is a good indicator that actual structure has been discovered. On the other hand, coinciding clustering results returned by k-means, partitioning-around medoids or SOMs are less significant, as these algorithms share many concepts. If the partitions generated by different algorithms are highly dissimilar this is often an indication of poor structure in the data, and may point to defects in the pre-processing. In high-dimensional biological data, the structures in the data cannot often be perceived in the full feature space, and a drastic reduction of variables may be necessary in order to reduce the impact of noise (Shaw et al., 1997) . This process of feature selection is often necessary but should preferably be based on unsupervised methods (e.g. by selecting the variables with the highest variation across the dataset). If the features are selected using the knowledge of the real class labels (e.g. by selecting the variables which are best correlated with the known class structure), a subsequent cluster analysis will trivially yield the desired result (even for random data).
Internal validation measures should be used in addition to the above to provide feedback on the quality of the data and to check whether a given partitioning is justified in terms of the underlying data distribution. Here, it is important to use measures of the different basic types, Type 1, Type 2 and Type 3, and to check how well the solutions perform under each of them. A good clustering solution tends to perform reasonably well under multiple measures (Handl and Knowles, 2005) . If a solution performs well only under one of them, this is likely to be an artefact of the biases of the employed algorithm. Type 4 measures and plots in two-objective space may be a valuable tool in identifying solutions that perform consistently well. Given the noisy nature of biological data, robust measures like the Silhouette Width are generally preferable to noise-sensitive measures such as the Dunn Index.
Owing to the many sources of noise and the high dimensionality of the data, the above internal validation techniques on their own may often be insufficient in biological data analysis. Frequently, the most conspicuous structure in the data may be artefacts due to experimental factors. On the one hand, cluster analysis can be a valuable tool in identifying such artefacts. On the other hand, the artefacts will ultimately have to be removed if a researcher is interested in biologically meaningful results. Towards this goal, external unary measures can be applied to assess the degree of preservation of replicate-relationships, or of prior biological knowledge. This information can then provide additional feedback on the quality of The evaluation under the adjusted Rand Index (comparing to the known class labels) shows that average link, k-means, SOTA and SOM perform robustly on these data. They identify the three main clusters (AML, B-lineage ALL and T-lineage ALL), and assign most of the samples correctly. Naturally, this is knowledge that would not be available in a real-life cluster analysis, and it is therefore interesting to see whether the results under the internal validation measures would have led to the same conclusion. The performance curves under the Silhouette Width clearly indicate the high quality of the three-cluster solution. This result is best seen when comparing with the results obtained under the null model and 'removing' the bias towards large numbers of clusters, which arises due to the small size of the dataset: for large numbers of clusters, the resulting partitionings contain many singleton clusters, which score highly under the Silhouette Width. The stability-based technique is less consistent: for k-means and SOM, the performance peak at k = 3 is well pronounced, but it is much weaker for SOTA and average link. Both the Silhouette Width and the stability-based method indicate the lack of structure in the single link solutions. The application of the Dunn Index is somewhat less successful: it fails to predict the insufficiency of single link, and it mis-estimates the number of clusters for average link.
the data and of previous pre-processing steps. A good final clustering result will ideally combine validity under both internal and external measures, i.e., it will exhibit a distinct underlying cluster structure while being consistent with prior biological knowledge.
SAMPLE APPLICATION
In this last section, a brief example of a cluster analysis on gene expression data is given, in order to demonstrate the power of validation measures as a tool to provide insight into the structure of a dataset, and to assess the performance of individual clustering algorithms. The dataset employed is Golub et al.'s (1998) Leukemia dataset (http://www.broad.mit.edu/cgi-bin/cancer/datasets.cgi). The aim is to conduct an unsupervised analysis, and the genes used for the clustering are therefore selected in a completely unsupervised fashion. The knee corresponding to the three-cluster solution is clearly pronounced. The visualization also shows the consistency among the k-means, SOM, SOTA and average link solutions for k = 2 and k = 3, which further increases the confidence in the correctness of these partitionings.
The data are subjected to a series of standard pre-processing steps: lower and upper threshold values (raw expression values of 100 and 16 000, respectively) are applied, the 100 genes with the largest variation across samples are selected, and the remaining expression values are log-transformed. The resulting dataset of size 38 × 100 is subjected to a cluster analysis under Euclidean distance. The corresponding validation results are presented in Figures 10 and 11 . Altogether, evidence accumulation over the set of employed validation techniques indicates a high quality of the three-cluster solution discovered by k-means, SOM, SOTA and average link. This threecluster solution corresponds to an almost perfect separation of the samples of acute leukaemias into those arising from myeloid precursors (AML), and two sub-classes arising from lymphoid precursors (T-lineage ALL and B-lineage ALL).
CONCLUSION
The aim of this paper has been to familiarize researchers using postgenomic measurements with the multitude of validation techniques available for cluster analysis. For this purpose, the different types of validation measures have been reviewed, and specific weaknesses of individual measures have been addressed. It is hoped that the analysis provided has demonstrated not only the importance, but also the intricacy of cluster validation. It is fundamental to comprehend that the use of analytical validation techniques on their own is not sufficient, but that an understanding of the working principles of clustering algorithms, validation measures and their interactions is crucial to enable fair and objective cluster validation. Owing to the biases intrinsic to many internal validation techniques, a careful analysis of the results obtained is required, and results should always be double-checked using alternative complementary validation techniques.
Researchers should be aware that entirely objective cluster validation is possible only on the data with known well-defined cluster structures and the development and evaluation of new clustering algorithms should therefore always include such data. In this context, the development of synthetic datasets that realistically mimic the properties of biological data [such as simulated geneexpression data (Mendes et al., 2003; Michaud et al., 2003) ] are of particular importance as such an approach permits a controlled study of an algorithm's sensitivity with respect to specific data properties.
